Preparations in non-Markovian quantum mechanics 
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I analyze preparation of quantum systems for open quantum mechanics that are non-Markovian. 
I show that preparations in this regime play an important role in the dynamics of the system. They 
serve as the mechanism for the memory due to the environment. 
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A quantum experiment is composed of three general 
steps. The experiment begins with an unknown state, 
which is prepared into a known input state. The prepared 
state is subjected to some quantum operation. Finally, 
the output state is observed. State preparation is the first 
step for any quantum experiment; for this reason a great 
deal of attention has been devoted to this topic. However, 
much of the discussion revolves around preparing specific 
states in specific systems, i.e squeeze states in optical 
systems, or entangled states in solid-state qubits, etc. 
Yet, this topic has received little foundational attention 
since the early years of quantum theory, especially for 
open systems. 

The lack of fundamental attention for theory of prepa- 
ration was pointed out some years ago by Park and Band 
[H . They beautifully remark that a preparation is not to 
be confused with a measurement 1 . They go on to elabo- 
rate on many different ways to prepare quantum states, 
including mixed states and point out the differences be- 
tween different preparation procedures and discuss the 
usefulness of each. 

Some time ago, some colleagues and I, showed that 
preparation procedures in quantum process tomography 
experiments play a non-trivial role [2|. In this letter I 
extend that results by developing a general theory for 
preparation of quantum states. In specific, the theory 
deals with quantum systems that are affected by the sur- 
rounding degrees of freedom, i.e. systems that exhibit 
open dynamics. Especially for the case where the sys- 
tem is initially (before preparation) correlated with the 
environment, it will shown that act of preparation con- 
tributes to the 'quantum memory' when the dynamics is 
of non-Markovian nature. 

Before I start with the theory of preparation, let me 
motivate this paper by a simple argument. Consider a 
single qubit experiment that requires two pure states, say 
\x,+) and |jz, +), not necessarily simultaneously. Sup- 



pose the experimentalist has an oven that evacuates a 
beam silver atoms with no preferred polarization. The 
experimentalist has to prepare this thermal beam into 
desired states. There are several ways of making the de- 
sired preparations, let me consider two. 

(i.) Send the beam through a magnetic field along the 
x-direction. The thermal beam splits into two beams 
with states \x, +) and \x, — ). Discard the beam with 
state \x, — ) and proceed with the experiment with the 
remaining beam. To prepare the state, send the 

thermal beam through a magnetic field along z-direction 
and follow the same prescriptions as in the case with 
\x, +) preparation. 

(ii.) Prepare \x, +) state same as in the first procedure. 
But instead of discarding the \x, — ) beam, unitarily ro- 
tate it to state \z, +). 

The question that I tackle in this letter is: are the 
two sets of experiments the same? Below I show that 
they indeed are not when the experiment is open and 
the system is initially correlated with the surrounding 
degrees of freedom. 

In practice, preparation procedures can be very com- 
plicated. Instead of describing many different prepara- 
tion procedures in detail, I develop a general theory of 
preparations in terms of standard mathematical tools. 
A preparation procedure is the mapping of a set of un- 
known states, p, into a fix known input state, P m . The 
most general transformation of a quantum state is de- 
scribed by a stochastic map In light of that, a very 
complicated preparation procedure due to the aparatus, 
is simply denote by stochastic map, A^- m \ The procedure 
of preparing the mth input state is given as 



„(m) 



A [m) {p) = P {m \ 



(1) 



Many years ago, as a new student of quantum mechanics, I and a 
friend had this very conversation and agreed that a preparation 
must be a measurement. 



where = Tr[A^ m>> (p)] is the probability with which 
p goes to p( m ). I have not required the preparation map 
to be trace preserving. This is because many prepara- 
tion procedures are implemented strictly by getting rid 
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of particles in unwanted states 2 . 

One condition I do put is that the preparation map 
be completely positive [3, [H . Since the preparation map 
should take any state to a fixed state, its domain must 
be set of all system states, hence it must be completely 
positive. I consider experiments that require multiple 
input states. According Eq. [TJ each input has a prepara- 
tion map associated with it, hence a preparation proce- 
dure. The main result of the paper is show how different 
preparation procedures affect the experiment differently 
for open quantum systems. 

For open quantum systems, the situation above does 
not change very much, one can simply replace the un- 
known state of the system by an unknown state of the 
system and the environment, transforming Eq. [T]into 



r (m) 



(p S£ ) = R S£ir 



(2) 



where X is the identity map acting on the state of the 
environment. In other words, I am assuming that the 
preparation procedure acts only on the system. 

In general, the state of the system and the environ- 
ment before preparation, p S£ , will be correlated (see 
The goal of the preparation procedure is to eliminate 
these correlations, as for an ideal experiment the state of 
the system should be uncorrclated with the environment 
at the beginning of the experiment 3 . Therefore, under 
perfect preparation procedure assumption, the right hand 
side of Eq. [5J or the post-preparation procedure state, is 
of product form 4 . 

The difference between preparation procedures for 
closed systems and open systems lie entirely in the corre- 
lations shared by the system and the environment. The 
preparation procedure acts only on the system, the state 
of environment is affected by that action due to the 
shared correlations. Therefore, to be most general the 
state of the environment has dependency on the prepa- 
ration procedure. 



(3) 



2 A preparation map that does not preserve trace can be thought 
of as part of a map that does preserve trace. To see this, 
write a completely positive trace preserving map as A(p) = 
E m ?r (m) P Tft™) 1 ", where ]T (m) TrOOV" 1 ) = 1 guarantees trace 
preservation. Now define _4' m )(p) = 7r( m 'p 7r( m )^. Meaning a 
non trace preserving map for the mth preparation belongs to a 
set of preparations {^4( m '}, which together preserve the trace. 

3 In this letter, I am not studying imperfect preparation proce- 
dures, rather I am studying the affect of the preparation proce- 
dure on the experimental results. 

4 Typically preparation procedures aim to prepare pure states, 
which guarantees the product form for the system and the envi- 
ronment. 



Subscript m of the state of the environment in the last 
equation means that the state of the environment has 
dependency on the mth preparation procedure. 

Eq. [3]is the main result of this letter. It shows that the 
act of preparation affects the state of the environment. 
This is not a trivial issue for a system that experiences 
non-Markovian dynamics @, 0]- In such instances, the 
state of the environment acts as the 'memory' of the sys- 
tem. Meaning, this information will come into the system 
at a latter time. According to Eq. [3j for different input 
states, the state of the environment will be different and 
therefore the corresponding memory term will be differ- 
ent as well. 

At this point, I would like to describe three prepara- 
tion procedures. The first procedure will clearly show 
this dependency of the state of the environment on the 
preparation procedure. The second procedure aims to 
eliminate this dependency. And finally the last proce- 
dure shows how inconsistent implementation of the sec- 
ond procedure can lead to the state of the environment 
depending on the preparation procedure. 

Projective Preparation. Consider an optical experi- 
ments, where a beam of photons is sent through a po- 
larizer which projects the polarization vector 
of the photons into a set of orthogonal directions. I call 
this projective preparation method. Mathematically this 
is summarized as 

1 A (m) / 5£\ = 1 pW S£p{m) = p(m) g £ ("0 (4) 



where p( m ) is the mth projector in the system space as 
well as the desired input state and r^ = Tr[^4( m )p] = 
Tr[p( mS> p]; this is the probability of obtaining that par- 
ticular input state from a von-Neumann measurement. 

The state of the environment has picked the subscript 
m due to the fact that in general p S£ contains correla- 
tions between the system and the environment. I should 
again emphasize that the preparation procedure only acts 
on the system, the state of the environment is affected 
only indirectly. 

The analysis of projective preparation shows that the 
state of the environment after the preparation depends 
on the preparation procedure due to the pre-existing cor- 
relations with the system. Should the environment and 
the system interact in non-Markovian fashion then the 
dynamics for different input states will differ due to the 
differences in the states of the environment. The depen- 
dancy of the environment on the preparation procedure 
can lead to unwanted behavior of the experiment 0, E3] • 
For this reason this dependency may be unwanted for 
experimental purposes. Let me now discuss a method 
of preparation that keeps the state of the environment 
constant for any input state of the system. 

Stochastic preparation. Many quantum experiments 
begin by initializing the system into a specific state. For 
instance, in the simplest case, the system can be prepared 
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to the ground state by cooling it to near absolute zero 
temperature [l3|, 14, 15, [l6[. Mathematically, these set 



of operations are written as a pin map 

e = |$) ($| 



17] 



a. 



(5) 



where 1 is the identity matrix, acting as the 'trace op- 
erator' (t rs p rs = Tr[p]) and |$) is some fixed state (i.e. 
ground state) of the system. In this procedure, no matter 
what the initial state of the system was, it is "pinned" 
to the final state |$) (<E»|. 

The action of the pin map O on a bipartite state of the 
system and the environment. 
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(0) 



The pin map fixes the system into a single pure state, 
which means that the state of the environment is fixed 
into a single state as well; the pin map decorrelates the 
system from the environment. Once the pin map, O, is 
applied, the system is prepared in the various different 
input states by applying local 

Jim) f p SE^ = jj(m) Q e{p S£ ) = P( m > <g> p £ . 

As seen the last equations, the advantage of stochastic 
preparation method, as described here, is that the state 
of the environment is a constant for any input of the 
system. This constancy of the state of the environment 
is necessary to characterize the dynamical mechanisms 
properly [121 ] . 

A word of caution is necessary at this point. It may 
seem that stochastic preparation procedure alleviates the 
experiment from having an environment that depends 
on the preparation procedure. I analyze this matter in 
much greater detail elsewhere [l8|, however, for the last 
example I would like discuss how the procedure above can 
go wrong when the stochastic method is implemented in 
an inconsistent manner. 

Multiple Stochastic Preparations. Strictly speaking, in 
a real experiment the pin map is a complicated set of 
steps. For instance, cooling the system so it relaxes to 
the ground state is very different from optically pump- 
ing a system to an excited state. Two different pin maps 
would correspond to these two different methods. Then, 
the state of the environment in each case can also be 
different. I assumed, in Eq. [2j that the preparation pro- 
cedure does act on the environment. This may not be 
the case; therefore, to be careful, I should label p £ as p@ 
to clarify that the state of the environment may depend 
on certain steps involved in applying the pin map. 

Then, it should be emphasized that the initial pin map 
is critical. It may be tempting to simply use a set of pin 
maps, Q( m \ to prepare the various input states p( m \ 
The different input states will be 



As seen in the last line of the equation above, the state 
of the environment has taken the subscript 0( m ' through 
different pin maps along with the input state. What this 
means is that the state of the environment is affected by 
the preparation procedure. 

What I have demonstrated in this letter is that prepa- 
ration procedures can play a role in the dynamics of the 
system in sense that they affect the environment which 
in return affects the system. A few remarks about when 
preparation procedures play a role in dynamics are nec- 
essary. One, if the experiment is closed in nature, then 
there is no environment to worry about and any set 
preparation procedure are equivalent. Two, if the sys- 
tem is initially uncorrelated with the surrounding, then 
generally the preparation procedure will not play a role 
in dynamics. However there will be some cases where this 
rule will not hold, see [l8| for an example). Three, if the 
interaction with the environment is of Markovian type, 
i.e. the environment docs not kick back the system, then 
the preparation procedures will not affect the dynamics 
of the system. 

In [l8| I show several simple examples demonstrating 
the three principles stated above. More interestingly, the 
analysis there give a recipe to test if a system is of Marko- 
vian or non-Mar kovian nature. 
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P^®p% {m \ 
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